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Sequences and Series

A sequence is an array of elements seperated by commas Ex 1,4,7,10,13,........

The elements are called the terms of the sequence ie 1 is the first term U, 4 is the second term

U, etc

General Term (Un) : This is an expression in n which describes every term of a particular

sequence, the general term of the sequence 1,4,7,10 is Un =3n-2 . A sequence can be

describes in several ways

.(1) A sequence can be described using just the Un . A sequence Un =4n+ 3 find the first

three terms U1=7,Up=11U3 =15, Find U__ =4(n+1) +3 =4n+7 ..

(2) A sequence can be described recursively (a difference formula connecting up consecative

terms of a sequence)

Example IfU, =%,...U =3U__ +3 Find

U, U, U,=3(3)+3=2.U,=3(2)+$=6;

The Syllabus requires you to be able to find the Sum of the first n terms of all of the following

types of Sequences :

(1) Arithmetic Un=a + (n—1)d (2) Geometric Un = ar"(3) AP/GP Un=a_x" . (4)

Telescopic type Un ()= 1)
Lim n Lim

r..ricd
n—-oon+l nNn—ow

You will also be required to find the following limits

Series
A series is the sum of a sequence, we use the symbol Z which means *""the sum of ™ to

describe a series .

n

Z N’ this is the series whose Un is n2 fromn =1ton =n . ie the sum of the first n terms of
1

the series S,

this is called the Sn of the Series ZUn = S, and the sum to infinity of a series is
1
Lim

> Un
1 n—«a
sequences described below .
The syllabus states that you can only be asked to consider Series whose Sn can be found and
you will only be asked to find limits for sequences where Un is given explicitly .
Must Know
Arithmetic Series  Un=a+ (n-1)d, Sn =n/2 {2a+ (n-1)d}

al=r) jers=-2
(1-r) 1-r
in:%(n+1)..zn: n’ =g(2n+1)(n+1)..znln3 ={2(n+1)¥

o 1 a b . .
Telescopic Series ), ————— = —+ —— (Partial fractions)

T n(n+1)= n n+1l

Sn You will be required to find the Sn and the sum to infinity of all of the

. . n-1 a
Geometric Series Un=ar" .S =



Arithmetic Series :
Key points : In this type of Series a constant is added to each term to give the next term . This
constant is called the common difference (symbol d) , in all Arithmetic Series

U,-U,=U,-U,=>U,+U,=2U,=>U, _UitUs If the first term is(a) then an

Arithmetic Series can be written as a + a+d +a+2d+a+3d +
The General termisU, =a+(n—-1)d ,The Sum of the firstntermsis S, = 3{2a+ (n-1)d}

Example : Given the Arithmetic Series 1+5+9+13 +, find a,d,Un,Sn, .
a=1(5-1)==4 =d,Un=1+(n-1)4,Un=4n-3.Sn =n/2{2(1) + (n-1)4} = n/2{4n - 2}.

Example 2: the first three terms of an Arithmetic Sequence are 6,-9,x find x .
-9-6=x--9,x=24.

Example 3 :In an Arithmetic Sequence The sum of three consecative terms is -9 and there
product is 48 . Method write the three terms as a-d, a, a+d
a—d+a+a+d=-9=>3a=-9=>a=-3...(a-d)(a)(a+d)=>a(a’-d?)=48=-3(9-d*) = 48This gives
=9-d°=-16=>-d°=-25=d = 45.

us the following sets of three terms -8.-3.2 .2,-3,8..

Example 4 : In an Arithmetic Sequence
U,=22,.U,—=46= 2520222 a4 _ s4—q-8a=6
a+5d =46

Example 5 : Sn of an Arithmetic Sequence is 3n* + 2n Find U,,U,,d,U,
S, =U,=3(1)2+2(1)=5,5,=3(2)2+2(2)=16=U,+U, = S,-S,=11=U,=d =6
U,=5+(n-1)6=6n-1.

Geometric Series :
In this type of series each termis multiplied by a constant to give the next term . This constant
is called ( r ) the common ratio .

: .U, u :
In all geometric series —% = —2 =r.== (U,)* =U,U, = U, = ,/JU,U, consecative terms of a
1 2
geometric series can be written asa +ar +ar2 +... or alr +a+ar+ ...
The general term isUn = ar"™*

The Sum of the first n terms isSn =%..|r| <1...Sn= a(r——ll)“
a

The sum to infinity of a Geometric Series exists only if |[r| < 1,..S, = oy
—r

r> 1.

Example 1:Find the Sum of the first 12 terms of the sequence

12 _

2,2x3,2x32,2x33,a=2,r=3,812=%=3”—1.

Example 2:Find the Sum to infinity of the Series

cot 1 ~...(x>0),a=1r= 1 =S, = 1 _1+X
1+x (1+x) 1+x 1-Y., X

Example 3 : The Sum of three consecative terms of a Geometric Series is 70 their product is
64000/27 Find two possible such series .



Write the terms as a/r,a, ar ,

a 64000, 64000 40
faar=——=sal="——=a=—
: 27 27 3
49 40 40

L2y

r

(4r-1)(r-4)=0=r=1/4,r=4,..Series,10/ 3,40/ 3,160/ 3:0r,160/ 3,40/ 3,10/ 3

?r=70:40+40r+40r2 =70r=40r° —=170r+40=0=4r*-17r+4=0

Example 4: Show that the Un of the Sequence 5,55,55,5555, can be written as the Sn of
another Sequence . If we rewrite the sequence as follows 5, 5 + 5(10), 5+5(10)+5(10)2,

5,5(10)+5(10)2+5(10)3 + ...

This sequence is Geometric where a =5, r = 10 and each term of the original sequence is the

sum of the corresponding number of terms of the new sequence

5(10"-1) 5
U,=S,.U,=5,=2U, =5 =2 "~-2(10"—-1
1 1 2 2 10_1 9( )

Arithmetico-Geometric Series ""APGP™" .

In this type of Series each term of an Arithmetic series is multiplied by the corresponding

term of a Geometric series .

Ex ; the Series 1+ 3x + 5x2 +7X
The Ap is1+3+5+7+9+.......,(2n-1)
The GP is 1,+x+x2+x3+x4 +...... xn-1

To find Sn of an APGP : (1) Write out the Series including Un .ie Sn =

3 4

+9X7 . (2n—1)xn_1isanAPGP

(2) Multiply both sides by the common ratio of the GP . (3) Take line (2) from line (1) .
(4) You will be left with a ""first term" a Gp and an ""end Bit *'. (5)Find the Sum of the Gp

then divide your result by (1-r).

Example 1 : Find Sn of the series 1+ 3x+5x*+7x*+9x"......... +(2n-1)x""
(1)SN=1+3X+5X>+7x>+9x* +......... +(2n-1)x"",
(2)XSn=x+3x*4+5x® +7x* +9x°............ (2n=-1)x"
(1)=(2)=>Sn(1-x)=1+{2x+2x*+2x*+2x*........ +2x"'}-(2n-1)x"
_yn-1
M—(Zn—l)x”

(4)Sn(1-x)=1+

1 N 2x(1=x"")  (2n-1)x"

(5)Sn=1_x (1-x)° 1-Xx

Telescopic Series (Series involving fractions) : These are Series of the form

1 1 1 1 1

~n(n+1) 1.2 2.3 347777 n(n+1)

R N S S L
~(2n-1)(2n+1) 13 35 5.7 (2n—1)(2n+3)

To find Sn of this type of Series (1) Write Un as a pair of partial fractions
(2)Rewrite the series using the ""new Un"* (3) Simplify to find Sn
Find the sum of the following Series

The Gp hasa=2x,r=x
and it has (n-1) terms
.We find S(n-1) using
the formula for Sn. 1 is
not included in the GP
and the end bit is (2n-
1)xn-1,




zn: ! 1 —é_,_ B _ A(n+1)+Bn
~n(n+1) n(n+1) n n+1 n(n+1)
A(r]+:|.)+BI’]=:|.,[']=O:>A=:|_,n=_:|_:>B=_:|_:>
o111
n(n+1l) n n+l
u =11
1 2
Uzzl—1 ............... Sn=1—i
2 3 n+1
_1 1
373 4
1 1
U ==--=
‘T4 5
T
n n+1

Find The Sum of the Series :

n 1 1 A B

> = + =
1(2n=-1)(2n+1) (2n-1)(2n+1) (2n-1) (2n+1)
1=A(2n+1)+B(2n-1),

-jertonann
1 1

:Unzé{(ZH—l)_(2n+l)}

TR

3‘%{%_%}

u =1 1t 1,

n~2%(2n-1) (2n+1)

_ 1
(2n+1)

=S5, =3{1

n 2

}

The > 'n, > n? > n® these Series are (1) the Sum of the first n Natural numbers (2) The sum
of the squares of the first n Natural numbers ,(3) the sum of the cubes of the first n natural

numners .
D n=1+2+3+4+5........... +n....an..AP,:>Sn=g(n+1)
1

n
Find an expression for Z n? =Sn for the series whose Un is n2 There are several ways to do

1

this .

(1) is to use the identity n3 - (n-1)3 = 3n2-3n+ 1. Thenlet n=1,2,3, etc . Add up the

results and Simplify to find Sn
n*-(n-1)°%=3n*>-3n+1.

13 -0=3(1)2-3(1)% +1
2% —13=3(2)2-3(2) +1
3° - 23 =3(3)2-3(3) +1

n*—(n-1)*=3n*-3n+1
=n’=3)"n"-3> n+n(1)=>n*+3> n-n=3>'n’
1 1 1 1

= 3> n? =n3+32(n+1)+n:>2n2 =g(2n+1)(n+1)
1 1




Method(2) Show by Induction Thatz n=1+22+3%+4%+ = —(2n +1)(n+1).

(1)Show true forn=1. ie Show S1 = 1 1/6{2(1) +1)(1+1)}=6/6=1 true.

(2)Assume true for n=k ie that S = k/6{(2k+1)(k+1)} .

(3)Prove true for n =(k+1) ie Sk+1 = (k+1)/6{[2(k+1)+1](k+1) }=(k+1)/6{(2k+3)(k+1)}
Proof Sk+1=Sk +Uk+1=%(lga<+l)(k+lv+)0<+l)2=k+1{%(2k+1)+(k+l)}=%§:2+7k+6é%qga<+3)(k+2).

this is S, ,; Therefore the statement is true for n = k+1 so the statement is true for n =1 and
true for n=k+1 therefore it's true for alln e N

Show by Induction that > n® =(2(n+1))’
1

We want to show that Sn for the Series Z n®={n/2(n+1)}2 .
1
(1) Show true for n=1 .1 ={1/2(1+ 1)}true

2
(2) Provetrueforn=k.ie S, = (%(k +1)j (3) Prove true for n = (k+1) ie

We use the same technique as above ie write S, ., =S, +U,,

This gives (Z(k +1)) +(k+1)° = (k +1)2{(;J +(k+1)}= (k +1)2(k+44k+4):((k”)(k”)j

5, - ((k +1)(k + 2))2
2

2

Therefore the statement is true for n= k+1 .
Using the Z ntype Series . Example 1

;
LimiVie2+43+4+. .0, == Lim \/m \/m 2
e n n-w n—)oo n_)w

Example 2 : Find an expression for Z (n+1)(2n+3)
1

n n n n 2
>(2n+1)(n+3) :22n2+7n+3: 22n2 +7Yn+3n= Z(n(Zn +é)(n+1)]+7(n(n2+1)]+3n = n[MGA'n%)J
1 1 1 1

Example 3 : In a Geometric Series U, =a,U, =ar,U, =ar?.U, = ar" " Find an expression
foru,.U,.U,.U,...... Un
(n—1)(n)

U,.U,.U,.U,....Un=a.ar.ar’.ar®.ar*.ar’.....ar 14243+...n=1y_gngp 2 }

More Series :



If you cannot remember the methods for finding Expressions for Z n,z n’ Z n®.
1 1 1

Another way to find an expression for the above is to use a method called Newton's Difference
formula .The method involves subtracting consecative terms until you get a line of zero's
.Then using the Binomial coeffecients to find the sum of the series .Find an expression for

2

dn?=1"+2"+3"+47+57+........ n

1

=1+4+9+16+25

=3..5...7...9..

=2..2...2....2...

=0...0...0.....0

Yn? =16 +3c, 42N, =1(n) + 3001, pn(N=1(n=2)
1 2! 3!

l .
=%{6+9n—9+2n2—6n+4}=%{2n2+3n+1}= ”(2n+2)(n+1)
The method works for all the Sigma series .

Series The Option :
Convergence A series is said to converge if the |_jm S, = kie the limit of the Sum exists .
n— o

The problem with this definition is that it depends on finding the S, . Another definition
which requires only the U N is called the Ratio Test This states that a Series will converge if

U,.
le Yous < land the Series will diverge if |_|m U AF LIM—"%2% = 1the test is
inconclusive.

n

. . =X
Example 1 : examine for convergence the series 2—
n

Xn+1
_ox™ Li Uny m Mo n
Un+l_n+l'U n im=""= un =Lim="= XN _Lnlmn+1xx__lﬁll;nxm_x
n

The Series converges if x < 1. The series diverges if x >1 .

Example 2

n

. =X
Test the Series 2—' for convergence
l n -

n+l

X" _x" 3 .
n+ 1! Un '(n+l)! X" ey n+1

The Series converges

Special type of Series the MacLaurin Series .



This is a method which enables us to write functions such as e* ,Sinx, Log,x as a Series . The
theory goes as follows If you are Given a polynomial f(x) such that

f(x)=a,+ax+a,x*+ax>+a,x".......... ax"=f(0)=a
f'(x)=a, +2a,x+3a,x*+4a,x’...=>f(0)=a

f"(x)=2a2+6a3x+12a4x2..:f“(0):232:>az=f 2(0)
3 3
f3(x) =6a, +24a,x...... :>f3(0)=6a3:>a3=f é0)=f?f|0):>
" 3
f0=f(O)+f O+ e OV

This enables us to write the polynomial as a power series :

Example write e* as a power series

f(X)=e*=>f(0)=e’=1f'(X)=e"=>f"(0)=1f"(X)=ef"(0)= 1=
3 4 n+l

1 X X
e* _1+x+2—x e = xn

31 41 n+1
Example 2
Write f(x) = Sinx as a power series
f(0) = Sin (0) =0, f'(x) = Cos x ,f'(0) = Cos (0) =1, f"(x)=-Sinx,f""(0) =-Sin (0)=0, f""'(x) = -
Cosx, f'"'(0) = -1 . We can see that a pattern is beginning to emerge

0 1 0 1 1 1 1
Sinx = 0+X—EX - —x*+—x* +—x =Sink=Xx——x+—x"-— X’

3! 41 51 3! 5! 7!
Example 3 :
Write the first four terms of the Maclaurin series for f(x) =+/1+Xx

-1 -3

f(x)=v1+x=f(0)= 1f(x)_1/2{1+x}2:>f(0)_7f "(X)=-1/4{1+x}2 = f"(0)=-

N

-5
f3(x) = 3/8{1+x}2 =f*(0)=3/8.>
1 x? 3 x3 x x> x°
Vi+x=1 e
X +2 22783 27816
Since the expansion converges for -1 < x < 1, use the expansion to evaluate +10 correctto 1
place of decimals . We must first write +/10 in the form v1+ x as follows

J10 =4/9+1 9 We now replace the 'x" in the expansion by 1/9 . This gives

3{1+1/2(1/9) - 1/8(1/81) +1/16{1/'729) } = 3(1.05409808 } =3.16229424 = 3.2 to one place of
decimals .

Maclauren Series for ! . ! . ! ., tan7tx.

1+X 1+x% J1+x

The problem with finding a Maclaurin Series for this type of function is that after a very
short time the differentiation becomes very complicated : There are several ways around this




Example 1:
f(x)=1ix (=L Q=A%) 2= ()= F Q=2 = (0 =2F ) = A =F 0 =€

this gives us the MacLauren Series

2 3 4
fori=l—x+zx _bx +24X ......... =1-X+x>=x3+x*
1+X 21 31 41

We can use this series to find the Maclaurin series for log, (1+ x)as follows

= 1-X+ X=X =X
1+Xx

an
dx= +x2 =3+ x* =x*+...dx

1+

2 X3 X4 X5 X6

X
lo l+X)=X——+——-—+———....
9 ) 2 3 4 5 6

From above the Maclaurin Series for T = 1-x24+x* =x®+xP=x"...... so a quick way to
+X
find the Maclaurin Series for tan™ x is to do the following
1 x* x®> x' x°
—=1-x"+x* = x®+x°. ~dX=X-"—+—-"+—=tan"'x
1+x + 3 5 7 9

We can use the series for Tan-1X to find a value for II

tan™ X+tan™ Y =tan™{ X +X\\((} We use this and the fact that

1 1 1+l 3 I1 : . :
tan™ St tan™ 3° tan ‘l[u] =tan~ S=tan"'1= " So replace x in the series above first by
6

1/2 then by 1/3 add the results this gives % now multiply your answer by 4 .

13 15
tan‘léz%—2?+2?:..=%=0.464583
13 15
tan‘11=£—3—+3—=0.3215
3 3 3 5
IT

= i 0.786083 = IT = 3.14433

this is only an approximation for IT a better result could be found using more terms of the
series .



